The aim of this paper is to prove the stability (in the sense of Ulam) of the functional equation:
INTRODUCTION
Questions concerning the stability of functional equations seem to have originated with S. M. Ulam in the 1940s (see [2, 3] and the survey paper of Hyers [4] ). One of the first assertions to be proved in this direction is the following result, essentially due to Hyers, that answered a question of Ulam.
Theorem. Suppose S is an additive semigroup, E is a Banach space, f : S -> E, â > 0, and (1) ||/(*+jO-/(*)-/(y)ll<¿ for all x, y eS.
Then there is a unique function a : S -» E such that (2) a(x + y) = a(x) + a(y) for all x, y e S, and
This assertion is usually summarized by saying that the Cauchy functional equation (2) is stable (in the sense of Ulam).
The proof proceeds as follows. First note that (4) ||/(2x)/2-/(Jc)||<f for all x 6 5.
Then one proves, by induction, that {f(2nx)/2n}°^=x is a Cauchy sequence in E. Denoting its limit by a(x), one then proves that (2) and (3) hold. The same idea can be used to prove the stability of the equation:
In fact the same technique can be used to prove the Proposition. Suppose S is a nonempty set, 4> '■ S -» S, E is a Banach space, À is a scalar, |A| < 1, ô > 0, and f : S -> E such that
Then there exists a unique h : S -» E such that (7) kh((j)(x)) = h(x) forallxeS, and
Proof. Let c¡> denote the kth. iterate of cf> for k = 0, 1, 2, ... . Thus 4> (x) = x ,<f> (x) = (f)(x), <f> (x) = (¡>(<¡)(x)), etc. for all x e S.
By induction, it follows from (6) that
Uk+lf((f>k+l(x))-t.kf((t>k(x))\\ < \À\kô for all x e S and k = 0,1, 2.
Hence, if m and n are nonnegative integers and m < n , then
SJä"* fora,,«*.
-\A\
Thus {Xn f((t>n(x))}^=x is a Cauchy sequence in E for each x e S. Let h(x) = lim^^ A" f(4>n(x)) for x e S. Then (7) clearly holds. If we choose m = 0 in (9) we find that ||A" /(Ax)) -f(x)\\ <S/(\-|A|) for all x € S, and all n = 1, 2, ... , and this implies (8). D Most known stability theorems for functional equations concern functional equations in "several variables" in the sense of Aczél [1] . Equation (2) is the best-loved representative of this class. Equation (7), whose stability we have just proved, is often referred to as a functional equation in a "single variable." Such equations are the subject of the book by Kuczma [5] . The aim of this paper is to generalize the above proposition by proving a stability result for the general functional equation: f(t) = F(t,fX<j>(t)).
We refer the reader to [5] for numerous results and references concerning this equation and particular cases thereof.
Main results
Our analysis is based on the following variant of Banach's fixed point theorem that is likely included among the thousands of published generalizations thereof. Also suppose that g : S -> X, ô > 0, and (10) d(g(t),F(t,g(ct>(t))))<ô for all teS.
Then there is a unique function f : S -> X such that (11) f(t) = F(t,f(4>(t))) for allteS, and (12) d(f(t),g(t))<S/(l-A) for all teS.
Proof. Let Y = {a : S -> X\sxxp{d(a(t), g(t))\t e S} < +oc}. For a e Y define T(a) : S -* X by (T(a))(t) = F(t,a(4>(t))) for t e S. f(t) = a(t) + ß(t)f(<p(t)).
Theorem 3. Suppose S is a nonempty set; E is a real (or complex) Banach space; <j> : S -> S, a: S -► E, ß :S ^ R (or C), 0 < A < 1; and \ß(t)\ < A for all t e S. Also suppose that g : S -* E, â > 0, and (13) \\g(t)-{a(t) + ß(t)g(4>(t))}\\<o for all teS.
Then there exists a unique function f : S -> E such that 
